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In this work, we understand by the problem of adjoining, the problem of
finding in some two-dimensional region D1 the solution of the equation
div(k grad p) = 0 under the condition that the coefficient k is a piece-
wise continuous function of the x, y coordinates. On the boundaries y
where the coefficient k is discontinuous the following conditions of
adjoining must be fulfilled

Here the subscripts minus and plus denote the limiting values of the
function at the boundaries y of discontinuity; » is the normal to y.
The solutjon function p(x, y) has singularities of the logarithmic type
in the region D, and if D has a boundary I, the function p(x, y) must
satisfy on the ' boundary conditions of the first, second, or third kind.

This problem has many applications, For example, in underground
hydromechanies a function p, which satisfies the conditions given above,
determines the pressure field in a piece-wise inhomogeneous oil-contain-
ing layer subjected to water pressure and to the linear law of filtra-
tion; in the electromagnetic theory, the function p yields the statisti-
cal distribution of temperature in a piece-wise nonuniform heat con-
ducting medium. The proposed problem is reduced by the method presented
in [1] and [2] to a singular integral equation (or a system of equations)
for the determination of the solution function p(x, y) on Y. The

519



520 E.V. Skvortsov, B.Kh. Farzan aend A.la. Chilap

resulting equation is then in turn reduced to the generalized Riemann
problem (4] by the use of the properties of integrals of the Cauchy-
Hadamard type. The solution of the obtained generalized Riemann problem
can then be easily obtained in a number of cases. Among the concrete
problems of adjoining considered in this work are the following:

1. The region D is the entire plane. The boundary y is the real axis.
It divides D into two subregions: the upper half-plane D,, in which k
takes on the value k; = const, and the lower half-plane ND_, in which %
takes on a value k, = const. At a certain point A(x,,y,) € D,, the func-
tion p has a logarithmic singularity.

2. The region D is the entire plane; the boundary y is the circum-
ference of a circle of unit radius. The region D, is the interior of
this circle where k = kl = const, and p has a logarithmic singularity
at a point A(ro, 60); D_ is the exterior of this circle, where k = k2 =
const.

3. The region D is the interior of a circle of unit radius; y is the
diameter of this circle which coincides with the real axis. In the
region D,, given by (|z| <1, Imz >0, z = x + iy), the coefficient %
is k) = (byy + cl)z, and the function p has a singularity at the point
A(xo, ¥g)- In the region D_ given by (‘z|<§ 1, Im z < 0) the coefficient
ki is kg = (byy t 02)2. When 'z( = 1, the function p = 0.

4. The region D is a rectangle: — a<x <8, - P <y <{. The equa-
tion of the boundary y is x = «. In the region D, (—a<{x<{ &, — p <
y'<;B) the coefficient k is k| = (a, + b x + cly)2 and p(x, y) has a
singularity at the point A(x,, yy). In the region D_(« <x<8, -p <
y <P) the coefficient k is k, = (a, + byx * cpy)%. On the boundary of
D the function p = 0.

The first two of these problems have been solved before by methods
different from ours. Their inclusion in this article makes it possible
for us to demonstrate the usefulness and correctness of our new approach
to the solution of problems of adjoining by comparing our results with
those obtained earlier.

Finally, we shall show that the problems of adjoining arise in many
areas of physics and mechanics such as the theories of electromagnetism,
heat conduction, underground hydromechanics and others.

Let us consider the first one of the four mentioned problems.

We shall seek a function p(x, y) in the regions D, and D_ of the
forms
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L ¢ dt

pe(my) = - & p(t)(—,:—fW—FG 2
1 ¢ dt

p-(x,¥) = — % P(‘)(,—_Z)a—+',:,f @

respectively. Here p(t) stands for the unknown function on the real
axis; G is Green’s function for the upper half-plane

Q (z — z0)* + (y — o)®
G = 4k, ln (z — zo)? + (¥ + yo)? @)

The quantity Q is the intensity of the source at the point A(xo, yo).
The solution of the assumed form satisfies the first one of the condi-
tions (1) identically; the second one of these conditions yields the
following integral equation for the determination of p(t):

¢ dt Q Y
R e e e ®

For the solution of this equation we introduce the piece-wise
analytic function

o]

1 dt
0@ =g | PO TS

—00

The limiting values of this function and of its derivative have the
form

. 1 p(a . ’ 1 ¢ p(ya
m—(x)=:tp(;)+§riglz(_)x- ‘Dt(z)=:l:pz(x)+2ni8%)7 (6)

Here, the integral in the first formula is interpreted to mean the
Cauchy principal value, while in the second formula it is taken in the
Cauchy-Hadamard sense. With the aid of (6), equation (5) is reduced to
the following Riemann problem:

’ . Qy 1 )
o'+ (I) + (4] (I) = ni (kl —‘;— kg) (T - xo)z + y02 (7)

or, with the introduction of a new function Ol(z), to the form

Qyo 1
i (ky + ke) (x — x0)® + wof

This is the simplest problem of determining a function by its dis-
continuity. The solution is given by an integral of the Cauchy type

(I)l+ —_— (Dl— -
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D, (2) =

1 ‘g" Quqdt
27 A 7l (ky + k) [(t—z0)® + yo?] (t — 2)

Let us denote the density of this integral by @(t).

Suppose @(t) = ¢+(t) + ¢_(t), where ¢+(t) and Q—(t) are the boundary
values of functions that are analytic in D, and D_. Then, on the basis
of Cauchy’'s formula we have

Dyt (2) = @t (2) + ¢~ (o0), O (2) = — ¢~ (1) + ¢~ (o0)
Since
Qy, 1 o Q i i H
QW = Ty k) (E— 2 Ty 2mi(kr T Fa) l_t—zo—iyo ~ T n T
then
Ot (3 = 35 (k1Q+ ko) 2 —120 ’ @17 (a) = 34 (k,Q+ ) z—i- Py
and, since 0’7 = ®1+, o' = - 01_, we find, by formula (6), that

Q (x—zg)d Q .
”"’=S TR G T = Tt R 00 [ — =+ wt) + e

Thus, on the basis of the formulas (2), and (3), we have

[o¢]

1 2i{ln [(t — z0)® + ¥o?] + a1}
+ _ — i
%(%w—imwﬁhﬂmmﬁ t—z dt
—0C0
In accordance with Cauchy’s formula we obtain
% (2, 9) = gt In [(z — 20 + (v + yo*] + ¢
P Y 0n (kR T E ®
ptz,y) = p,*(z,y) + G, p(z,y) = p." (=, ¥ 9)

Direct verification shows that the functions given by (8) and (9)
satisfy the required conditions.
In the second problem it is convenient to use the notation
19 0

i ia i
z=re , Zp = ree °, g =¢°, 0)=e¢

The solution is sought in the form

1—r2

P (9) 1 —2rcos(c—0) 4 r

1
pt(r,0) = Tn 7de+ G (10)

Sete
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9

1 rr—1 Q
P~ (7,0) =-§‘\ PO T Zros (e =8 + # ©°~ Znks nr (11)
1
where
Q riret — 2rrg €OS (0—-—00) + i

G="Znk " 7% “2rrocos (0 — 60) + 1

The second condition of adjoining leads to the following integral
equation for the determination of p(0)

p(3)ds Q ( ro? — 4

1
7&& S G P2~ A th TR\ T Trcos p—080) T r2 T 1) (12)

0

The integral on the left-hand side is here understood in the Cauchy-
Hadamard sense. For the solution of this equation we introduce a func-
tion ®(z) and its derivative

1 1 d
o0 =m$rome—s+=5]e vo=mdrors

The limiting values of ®'(z), as :z approaches the circumference

|z| =1, are equal to
g L 0P @ L€ ds
O (o) =+ = 8 SP(") Sin® (5 — §)/2
[}
Hence
on
1 ds , ,
—,;;& PO gmie=pr = @T@ + @ (o) (13)
0
¢P+ __¢I._
p(m)=g (@) = 27 4 (14)
The equation (12) is thus reduced to the Riemann problem
, — Q 1 —ry2
0+ 0 = T (T T G o — 1)

Solving this problem, we obtain by means of (14) the function p(w)

p{o)=— E(k—lom—[ln (m — :—0) + In (@ — 2z0) — In (DJ + a

Finally, from (10) and (11) we obtain

pt(r,0) =——RWQT+_—EJID YV rire® — 2rrocos (0 — 0g) +1 -+ G+ ¢
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Q
p{r 6)=—m(ln]frﬁ—-flrrocos(ﬁwﬁo)—i— re* — In r)—--'z‘j%c;lnr—}-c

In the problems 3 and 4 we pass from the functions pi(s, y) to
harmonic functions ui(x, y¥) by means of the substitutions

— Q —
+ s gt ol —— - —_ =
Vi =ut+ Vi G, PVhk=u (15)

where k; is the value of the coefficient k, at the point A(x;, y,).

t

The conditions of adjoining on y for the functions u~ take the form

w =1t (@f=0 on I) (18)
dutq [ ky  Bu Q 3G .‘/H 1 0Vk, 1 awc‘_\)
"5{:—‘/}:_ ~ o T oA VE o E=“*( vVE T yE e 4D

In problem 3, the solution, which satisfies the conditions (16), is
sought in the form

1
ut (z,9) = ¢

,{_e./“"“

1 1
w o e — T (8)

1 1
u=(z, §) = — ‘E%-T g yu (V) {(1:__ P+ gt (l— 2P tayz} dv 19

-1

Condition (17) leads now to an integral equation for u(x)

L[ 1 1 96 (2,
@ - vl g | =0 e

—1

Here

(2~ 20) (2 — z27Y)
(2~ 20 (2 — 2o7Y)

G (z, 2) = In

is Green’s function for the semicircle

= ha— beco 8= Qc? _
cla + e 2 (b161 - bgcz) n ]/ko

(brey — bges 5= 0)

Let us introduce the piece-wise analytic function

m(z)=~2-1-,;; 1& u(x)(;-l;—z-i— __1_1--},,—)&@
—~1
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and its derivative 0'(z).

With the aid of these functions, equation (2) can be reduced to the
general ized Riemann problem of finding a piece-wise analytic function
from conditions given on the real axis

O (z) + ia®* (2) = — O™ (z) + ia®~ (z) — @Bf (z)  for |z| <1

Ot E O @ = — 0@+ O @+ T (5] for [z]>1

where
- 2iyo _ 2iyo (zo* 1+ yo?)
@) = F oo 2 (z0® + yof) — xol® + 10?

Solving this problem, and making use of the formulas of Sokhotskii

fOT the limiting values of the function ® on y, we find that, for
x| <1

u{z) = F (z) — B; ¢os ax — By sin az

where
p= LW EFD B = LW —=F(=1)
1 2cosa ’ T = 2sina

F (2) = 208 {eauo [cos a(z—z)Ina V(zx— zo)® + yo®— sin & (z—20) tan— ”;;zo]_

— eXp 3 . F 2+y [0050‘(3“2?0)1““]/(3‘—30)""( ’+!lo’)’

s - L (2 —3) (z* -+ %7
sin @ {(x — 2} tan % ] +

eV (Viz — 2 - gd)” _—
4 SV 2 (—1)"a (V'an' o) + Yol cos[a (z—20) + 1 ot z yozo]__

— exp xoac_‘*yf'yo 2 et (V= -';o);—i— Vol o T yoP) x
(z — zo) (zo* + y%)
Yo

X ¢os [a (x — z0) + n tan—s

Here, the summation on n (and later on m) is performed from 1 to o,
Omitting the details, which are analogous to the preceding ones, we now
give the result for the fourth problem

4Q (e + ay) Z{mﬂx[fm (a+2) /28],
a*Br (ag + byxe + cryo) sinh(nn / B)

ut (z, y) =

y sin [nn (y 4 B) / 2B] sin [ns (yo + B) / 28] x
nna  d+ay amm@—a)]n et fy
[(c + ely) coth — 7~ g + P + cy coth ZB ] 2B (C + 01![) EJ
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Z (— 1)™m sin % (20 + @) }

m?ja? 4+ n? /B2 23
- — 4Q (d + cwy) ' {sinh[nn (0 — 2) / 2B]
Y = e  bim Foge & s o @ —a) 728 X
% sin [rr (y -+ B) / 28] sin [nn (yo + B) 7 28] x
nna | (d+cy)? nan(d—a)] n e+ fy
[(C-*—Cﬂ/)coth B + ¢+ ay coth 28 ]Tﬂ—m

(— 1)"m . m(z4 -+ a)
X 2‘ mi/o® - nt/ Bt sin 2‘;' }

where

¢ = a; + ba, d = as -+ b2, e = cb; — dby, f= bicy — baca
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